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Abstract

Social scientists are frequently interested in assessing the qualities of social settings
such as classrooms, schools, neighborhoods, or day care centers. The most common
procedure requires observers to rate social interactions within these settings on multiple
items and then to combine the item responses to obtain a summary measure of setting
quality. A key aspect of the quality of such a summary measure is its reliability. In
this paper we derive a confidence interval for reliability, a test for the hypothesis that
the reliability meets a minimum standard, and the power of this test against alterna-
tive hypotheses. Next, we consider the problem of using data from a preliminary field
study of the measurement procedure to inform the design of a later study that will test
substantive hypotheses about the correlates of setting quality. The preliminary study
is typically called the “generalizability study” or “G-study” while the later, substantive
study is called the “decision study” or “D-study.” We show how to use data from the
G study to estimate reliability, a confidence interval for the reliability, and the power
of tests for the reliability of measurement produced under alternative designs for the

D study. We conclude with a discussion of sample size requirements for G studies.

KEY WORDS: Confidence Interval; D Study; G Study; Power; Reliability; Teaching

Quality.

1 Introduction

Social scientists often seek information about the quality of social processes occurring in
groups, including for example, after-school programs (e.g., Hirsch and Wong 2005), teacher
professional development programs (e.g., Kinzie et al. 2005), comprehensive school reform
programs (e.g., Borman et al. 2005), training programs for coaches (e.g., Smith et al. 2007),
and day care centers (e.g., Pianta et al. 2005). Ratings of setting quality may be regarded as
predictors of youth outcomes or as outcomes in studies of interventions designed to improve

setting quality. For concreteness in this paper, we focus on the classroom as the key setting of



interest, and our interest focuses on the quality of teaching that occurs within each classroom,
though the methods we propose apply to many other settings.

Policy makers and educators seek objective measures of teaching quality for use in evalu-
ating teachers, helping teachers improve instruction, and studying the impact of interventions
that aim to improve teaching and learning. One of the most popular methods for obtaining
such measures is to assign trained observers to visit a classroom, rating the teaching on a

1 Because

series of, say, n items, to be aggregated into an overall score, typically a mean.
raters vary in their skill, we can expect variability between their ratings of a given class at
a given time. For this reason, it often makes sense to dispatch more than one rater to each
classroom and then to aggregate over rater responses, thereby averaging over the random
rater differences. The reliability of the summary measure of teaching on any occasion then
depends on the variability in the item responses within ratings, the number of items, the
heterogeneity among the raters, and the number of raters. One may also wish to aggregate
over occasions within a teacher, though our interest in this paper is the reliability of the
measure for capturing the quality of teaching defined on a single occasion.

The reliability of the measure is an important criterion in various studies of teaching
quality. In intervention studies designed to detect the impact of a teacher training program
on teaching quality, low reliability of the measure of teaching quality will constrain the
statistical power of the study. In another study, the measure of teaching quality may serve
as an explanatory variable where the outcome is student learning. In this case, low reliability

will not only reduce power but also produce a biased estimate unless care is taken to adjust

for measurement error (Raudenbush and Sadoff 2008; Shin and Raudenbush 2010).

1.1 Goals for the Paper

In this paper, we aim to achieve two goals. First, we derive confidence intervals for

reliability, tests of the hypothesis that the reliability achieves a given minimum bound, and

L An alternative, increasingly popular approach is to obtain videotapes of classroom interactions and to
rate the teaching observed on the videotape. This facilitates multiple ratings of each class at each occasion.



the power of those tests against alternative hypotheses. We show how the sample sizes,
including the number of classrooms sampled, the number of raters to rate a classroom, and
the number of items, affect the width of the confidence intervals and the power of the tests.
These effects of sample sizes depend, of course on estimated variance components, and we
discuss this relationship.

Second, we consider the problem of how to use data from a preliminary study of the
measurement procedure to inform the design of a larger study that will test hypotheses
about the associations between classroom quality and other variables. Specifically, we show
how to use data from the preliminary study to estimate reliability, a confidence interval
for the reliability, and the power of tests for the reliability of measurement produced under
alternative designs for the later study. We simulate confidence intervals for the later study,
and these intervals take into account the uncertainty about variance component estimates
in the preliminary study. These results have implications for the design of the preliminary

study itself.

1.2 Generalizability Studies

Because of the importance of obtaining reliable measures of teaching quality, educational
researchers have recently carried out a number of field studies the aim of which is to assess
reliability and to inform decisions about the optimal number of items per measure and raters
per classroom. Such a field study is commonly known as a “generalizability study,” or “G
study” (c.f. Brennan 2001). The G study provides information about the relative importance
of various sources of error of measurement, for example, errors arising from different items
or raters. The idea is to use the results of the G study to plan the measurement protocols
in what is called the “decision study” or “D study,” the study that will generate conclusions
about the impact of an intervention or the association between variables in a population. If
the G study is useful, it will provide some assurance that the measurement procedures used

in the D study are cost effective in insuring adequate reliability of measurement.



One problem with this line of work has been that the G studies rarely produce confidence
intervals for the anticipated reliability in the D study. Instead, the G study typically produces
point estimates of this reliability so that planners of the D study have no sense of how much
uncertainty is associated with the conclusions based on the G study. The question then arises
about how large the sample sizes in a G study must be to obtain reasonable estimates of the
reliability in the D study. Robert Brennan, a pioneering leader in educational measurement,
has labeled the unknown uncertainty about reliability measures as “the Achilles heel” of
research on sources of error in educational measurement (Brennan 2001). Brennan (2001)
gives a comprehensive overview on parametric and nonparametric estimation of standard
errors and approximate confidence intervals for variance components and their ratios in
analysis of variance. Burdick and Graybill (1992) provide details on estimation of confidence
intervals for variance components and their ratios. However, the reliability itself, which is a
function of these variance components, is typically an important numerical indicator of the
quality of the measure and is directly related to the attenuation bias that will arise when
this measure is correlated with other variables (Raudenbush and Sadoff 2008). We want to
use the variance estimates and their standard errors from a G study to estimate or predict
a confidence interval for the reliability that will be obtained in the D study, and we want to

assess the power of tests of the minimum bound for the reliability obtained in the D study.

1.3 Approaches

One might imagine that a field study would insure that every rater would observe each and
every classroom. However, such a design is generally too costly. An often-used alternative is
an incomplete balanced block design: One assigns K raters and J classrooms to each of B
blocks. Every rater within a block observes every classroom within that block, yielding K
ratings for each of the J classrooms within the block, with KJ ratings per block and KJB
ratings overall.

To clarify the logic of our approach, the next section begins with simple case of a field



study for which B = 1, that is, there is a single block. Section 3 then elaborates to the
general case of B blocks. Section 4 shows how to use the results of a G study to plan a D

study. The Discussion section follows at last.

2 One Complete Block

Before we consider a reasonably general study of B blocks, it is instructive to study a
simple design where every rater rates every classroom. This creates one complete block. Let
K raters rate each of J classrooms on n instruction items. Based on the model presented
below, this section expresses reliability as a function of variance components and sample
sizes, derive the estimators for the variance components and thus for the reliability, and then

expresses power to detect a desired level of reliability and a confidence interval for reliability.

2.1 Model

The model of interest is expressed as
Yije = p+aj+ B+ (@B)e + €ijr (1)

where Y, is a rating score, y is the grand mean, o;; ~ N (0, 02) is the main effect of classroom
3, Be ~ N(0,03) is the main effect of rater k, (af);x ~ N(0,025) is the interaction effect
between classroom j and rater k and €;;, is a random error involving instruction item ¢ for
1=1,2---n, 5 =12---.Jand k = 1,2,---, K. A more elaborate model may specify
main and interaction effects involving items. For example, we may express €;;, as an addition
of orthogonally decomposed random components €, = v; + (ya)i; + (v0)ix + (yaf)ijx for
the main effect ; ~ N(0,02) of item i, the interaction effect (ya); ~ N(0,02,) between
item ¢ and classroom j, the interaction effect (73)u ~ N(0,025) between item i and rater k

2

Jap) among item i, classroom j and

and the three-way interaction effect (vaf3);x ~ N(0,0

rater k. In the generalizability theory framework (Brennan 2001), this model has a fully

5



crossed item X classroom X rater design where classrooms are the objects of measurement
and where raters and items are random facets. However, we want to focus our paper on
the basic logic of reliability, confidence intervals and power and minimize mathematically
complicated expressions. Therefore, we assume 7v; = (ya);; = (74)i = 0 which simplifies
the fully crossed model to the model (1) where €, = (ya3);jx. As we will show in the next
section, this assumption does not restrict the fully crossed model as much as it seems to
do. Having clarified the logical core of the problem in this comparatively simple case, the
next steps in our future research will involve generalizing that logic to a broader range of
designs and outcome types. We illustrate the developed methods via analysis of data from
Classroom Assessment Scoring System (CLASS) that uses a 7 point scale for each item where
the median responses tend to be around 3 or 4 with quite symmetric distributions (La Paro

et al. 2004; Raudenbush et al. 2010).

2.2 Reliability

The measure of classroom quality is p + «; in the model (1). The purpose of the studies
we aim to inform is to compare classrooms on a measure of classroom quality. Therefore,
we focus on the deviation score o; whose observed measure is &; = 57] — Y for }7] =
DTN Yijr/(nK) and Y. = ;]:1 Y, /J. We define reliability of the observed classroom

effects given 07, 025 and o as

0.2

Aol ) = TR T o (nE) @)

which is the correlation between the observed effects of a classroom over a pair of randomly

1

parallel realizations of the measurement procedure. That is, Ao(n, K) = cor(d;,&;) where

i =Y —Y!is an estimator of a; based on a random sample of K raters and n items from

large populations of raters and items, respectively, and 02]2- = 37]2 —Y? is a second estimator

based on a second random sample of K raters and n items from the same populations. In



the generalizability theory framework, the observed mean and universe scores for classroom
j are Y; and u + a; respectively. Then, the observed and universe deviation scores for the
classroom are Y, —E;(Y ;) = a;+(af); +¢€ . and a; respectively for the expectation E; taken

over the units of classrooms, (af); = ¥p(afB)r/K and € ;. = 32 32, €%/ (nK). The variance
of the difference in the two deviation scores yields relative error variance var [(aﬁ) ;T E_j} =
0ls/K + 0®/(nK). Reliability equation (2) is a generalizability coefficient,? the ratio of
var(p + a;) to var(u + «;) + var [(aﬂ)j_ + Ej,} (Brennan 2001). Equation (2) is also the

reliability of the classroom effect estimator &;, var(a;)/var(d;) = 725 Aa(n, K) o« Ao(n, K).

2.2.1 What Determines Reliability?

Equation (2) depends on variances and sample sizes. The three variance components of

the reliability estimate work in the following ways:

1. The more heterogenous the classrooms are in quality, the larger will be the between-

classroom variance o2 and therefore the larger will be the reliability;

2. The more raters disagree when they observe a classroom, the larger will be the rater-

by-classroom variability ‘755 and therefore the lower the reliability:;

3. The more inconsistent the items are, the larger will be the item variance 0% and there-

fore the lower the reliability.

2.2.2 How Should Resources Be Allocated?

Because Equation (2) also depends on two sample sizes, it reveals how to allocate resources

as follows:

2
2 . . . “ye . [ .
The item x classroom X rater design has a generalizability coefficient e B )y Y which
simplifies to the equation (2) under a single assumption of no item-by-classroom interaction effect, i.e.
a?/a = 0. Therefore, the model (1) does not restrict the fully crossed design as much as it seems to do in
terms of the reliability.




1. The larger the number K of raters who observe a given classroom, the higher the
reliability, assuming either o5 > 0 or 0 > 0 or both. Increasing K will be especially

helpful in increasing reliability when 03/3 or o2 is large.

2. Adding items will increase the reliability whenever o2 > 0. Adding items will be

especially helpful when o? is large.

3. Increasing n or K or both will increase the reliability when o2 5 1s small but o? is large.
However, there may be tradeoffs. Suppose, for example, it is very expensive to train
raters and very cheap to increase the number of items. Then, increasing n rather than
K will be much more cost effective in boosting reliability. In contrast, if increasing K
is cheap but increasing n is expensive, for example, in generating and validating a new
instrument, then increasing K will be more cost effective than will increasing n, and

this assertion will be even more true when 025 is also appreciable.

2.3 Estimation
Reasonable effect estimators are i =Y |, 4; =Y, — Y., Bk =Y, —Y_ , and (aﬁ)jk =
Vi =Y, =Y +Y for Y =", Y/nand Y = 3]:1 Y x/J. The sums of squares are
. — 2
SSA=nKY ;a3 SSB=nJY; 0}, SSAB=nY;%; (af),, and SSE =32, 32,3 &y for

€ijk = Yijp — L — Q) — Bk — (aﬁ)jk so that the expected mean squares are

E(MSA) = E[SSA/(J—1)]=nKo.+no’s+ 0, (3)
E(MSB) = E[SSB/(K —1)] =nJo}+no’s+ 0,
E(MSAB) = E{SSAB/|(J —1)(K —1)]} = nols+ o7,

E(MSE) = E{SSE/[JK(n—1)]} = o>



Equating each mean square to its expectation and solving for the parameters yield

6> = MSE (4)
623 = (MSAB—MSE)/n
= (MSA— MSAB)/(nK)

65 = (MSB—MSAB)/(nJ).

A reasonable estimator for the reliability (2) is

: MSAB
Ao = 1-— WSA (5)

The mean rating for classroom j as the measure of teaching quality is of interest to
educators. The estimator for the mean rating is i + &; = Y ~ N(,u,a?-) for 0'j2- = o2 +
03/K +023/K 4+ 0°/(nK). Then, a (1 — s) x 100% confidence interval for the mean rating

i+ a; of classroom j is
Y £ ti_so 0k X 0 (6)

for the (1 — s/2) * 100th percentile ¢;_,/5 yx from the t distribution with JK degrees of

freedom and 67 = 62 + 63/K + 625/ K + 6°/(nK).

2.4 Hypothesis Test and Power

Our interest in this section is in deriving the power with which we can reject a null
hypothesis that the reliability equals a given minimum bound in favor of an alternative

hypothesis that the reliability will exceed the given minimum bound. In the appendix, we



show that a ratio of unreliability to unreliability estimator for B =1 is

1— Ao
F(A) = 3" Fr1,-nx-1) (7)
for ﬁ = J\%iﬁ? and Fj_1 (j-1)(x—1), the F distribution with J — 1 numerator and (J —

1)(K — 1) denominator degrees of freedom. Let f;_1 (j-1)(x-1),3 denote the 3-quantile from

Fj_1 (7-1)(k-1)- We have the following:

Theorem 2.1 Suppose that we want to test Hy : Aoy = Moo against an alternative hypothesis
Hy 2 Mo > Aao at a significance level s and let f§ = fr_1, -1y (x-1)1-s- Under the H,, the

power to detect Ao, = Aa1 > Aao 1S

1— A
PIFQa) > fi7— (1) . (8)

Proof The random variable (7) implies that the test statistic under Hy : Ay = Ay iS

F()\ao) = 11 )\D‘O ~ FJ 1,(J-1)(K—-1) for )\ao > 0 such that P[F(/\ao) > f(ﬂ = S. Then, un-

der H, : Ao > Aao, the power to detect A\, = Ay1 > Aao is equal to P[ 1220 fo} =

P [F()\al) > f aé} where F()\al) = 122w FJ—l,(J—l)(K—l)- I

1—3a
The power depends positively on A,; but negatively on f; and A,o. Consequently, given f;
and \,g, the higher the n or the K in the study given variance components, the higher the
Aa1(n, K) in equation (2), and thus the higher the power. Moreover, the larger the number
of classrooms J or raters K in the study, the lower the fj and thus the higher the power
although the impact on f§ of K is relatively weak to that of J.

Equation (8) may be reexpressed to find an effective reliability size

Mg = 1= frovu-1k-—18 % (1= Xa0)/f5 (9)

that achieves a desired power of (1 — () given A\, and f§. In designing a study, the study

planner may select a desired reliability size with adequate power in equation (9) and then
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set it equal to the reliability in equation (2).

2.5 Confidence Interval for Reliability

In this section, we derive a confidence interval for the reliability of measurement whose

width represents the level of uncertainty involved in a study design. The confidence interval

facilitates selection of the design with the minimal uncertainty among feasible study designs.

The following theorem expresses a confidence interval for \,:

~

Theorem 2.2 Let (1 — \,) = M348 A (1 —s) x 100 % confidence interval for A\, is

MSA
1— (1= X)X (fJfl,(Jfl)(Kfl),lfs/Qa fJfl,(Jfl)(Kfl),s/2> -

Proof The random variable (7) implies

l1-s = P {(1 — Xa) frot -1y -1y.s2 < 1 = Ag < (1 — ;\a)fJ—l,(J—l)(K—l),l—s/Q}

= P {1 — (1= Aa) frr 1)K -1)sj2 > Aa > 1— (1 — j\a)fJ—l,(J—l)(K—l),l—s/2} :

The width (10) depends positively on two quantities:

5 _MsAB 52
“ T MSA 62+ 625/K + 6%/ (nK)’

(fJfl,(Jfl)(Kfl),s/% fJfl,(Jfl)(Kfl),lfs/Z) :

(10)

Therefore, given the variance component estimates, the larger the n or the K in the study,

the lower the unreliability estimator (11), and thus the narrower the confidence interval (10).

Moreover, the larger the number of classrooms J or raters K ceteris paribus in the study,

the narrower the interval (12) and thus, the narrower the confidence interval (10) although

the impact on the width (12) of K is relatively weak to that of J. Given variance component

estimates and sample sizes, the model (1) may be simulated to generate the confidence

interval (10). An illustrative simulation will be given for general B > 1 in this paper.
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2.6 Expected Confidence Interval for Reliability

Simulating confidence interval (10) for reliability may take too long to generate useful
results. It is helpful to have an alternative method that enables study planners to compare
the uncertainty involved in multiple study designs within a reasonable amount of time. To
do that, we express a (1 — s) x 100% expected confidence interval (10) as

J—1(1-= M\,
1- ( J)<_ 3 ) X (fJ—L(J—l)(K—l),l—s/%fJ—l,(J—l)(K—1),s/2) (13)

where F (W;f) = (J_lj)(jg_ka) for Mﬁ“?fia) ~ Fj-1)(k-1),7-1- Then, the study planner
may explore multiple study designs to select one that minimizes the expected width (13),
that is, the expected uncertainty.

A study design has its true population reliability (2) as a function of the sample sizes given
the true variance components. If randomly parallel measurement procedures or replications
of the study design were to repeat many times and produce as many estimated confidence
intervals (10), then (1 — s) x 100% of the intervals would capture the true reliability. The

expected interval (13) represents the average estimated interval. The smaller the s, the more

likely this interval is to contain the true reliability.

3 B Incomplete Blocks

It is costly to have every rater rate every classroom. A study becomes cost effective
if KB raters and JB classrooms are divided into B incomplete blocks. Each block has J
classrooms and randomly assigned K raters where each rater rates n instruction items for

each classroom. This creates a balanced incomplete randomized block design.

12



3.1 Model

A reasonably general model for such a design is
Yiie = p+%+ ajp+ B + (8) ke + €ijip (14)

where Y, is a rating score, p is the grand mean, 7, ~ N (0,03) is the effect of block
b, oy ~ N(0,02) is the main effect of classroom j, S ~ N(0,03) is the main effect of
rater k, (af);w ~ N(0,025) is the interaction effect between classroom j and rater k and
€ijko ~ N(0,0?) is a random error involving instruction item i for i = 1,2,---,n, j =1, J,
k=1,2,--- K and b=1,2,---, B. Equation (14) is the model (1) for B = 1. An effective
blocking scheme yields classrooms more homogeneous within than across blocks. Schools or
school districts, for example, may be such blocks. Such a blocking scheme controls for the
block differences due to, for example, high-performing and low-performing schools such that
the inferences on the classroom quality are precise and generalizable to the classrooms in
all such schools. Because raters are randomly assigned to blocks, it is reasonable to assume

that the rater effects are not different across blocks.

3.2 Reliability

The reliability of ay, = Y, — Y.y, for Y, = S, 3 Vijw/(nK) and Y., = > Y/ is

identical to the equation (2). Therefore, the statements about the equation (2) are also valid

for the reliability.

3.3 Estimation

Reasonable estimators for u, vy, ajp, O and (afB)jw are i =Y A =Y , =Y dp =
Yo=Y b, Bro = Yo=Y 0, (a8) 4 = Yiro—Yjp— Yoo+ Y. and €y = Yijro— Yo for Vi =
S Yi/n, Yo = Z}']:1 Yiw/J and Y. = 3, Y ,/B. The sums of squares are SSG =

R —.2
nJKZb’Ayg, SSA =nK?}Y, > d?ba SSB =nJ 3> 5}31), SSAB =n3, > > (aﬁ)jkb and
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SSE =37, 276225 20 éfjkb. Then, the expected mean squares are

E(MSG) = E[SSG/(B—1)]=nJKo>+nKo,+nJoj+no.z+0o°  (15)
E(MSA) = E{SSA/[(J—1)B]} =nKo> +no’s+ 0
E(MSB) = E{SSB/[(K —1)B|} =nJoj+no;+ o

E(MSAB) = E{SSAB/|(J—1)(K —1)B]} =no’;+0°

E(MSE) = E{SSE/[JKB(n—1)]} = o>

By equating each mean square to its expectation and solving for the parameters, we obtain

the variance estimators (4), the reliability estimator (5) and

= (MSG — MSA— MSB+ MSAB)/(nJK). (16)

2
Y

The mean rating for classroom j within block b as the classroom measure of teaching
quality is p1+ 7, +ajp. The estimator is i+4, + djp = Y5 ~ N(u, o3,) for 0% = o2+ 02/ J+
03/K +0l5/(JK)+0*/(nJK). A (1—s)x100% confidence interval for a classroom mean

rating p + v + ajp 18

Yot ti_s/2 068 X 0jp (17)

for the (1 — s/2) * 100th percentile ¢,_,/2 jxp from the ¢ distribution with JK B degrees of

freedom and 6%, = 62 +62/J + 65/K + 6%5/(JK) + 6%/ (nJK).

3.4 Hypothesis Tests and Power

In this section, we express the power to reject Hy : Ay, = Ay in favor of an alternative

hypothesis that the reliability will exceed the given minimum bound A,q. In the appendix,

14



we show that the ratio of unreliability to unreliability estimator is

11—\,
1— o

F(Aa) = ~ F-nB,-1x&-1)B (18)

~

for 1 — Ay = MSAB/MSA. We have the following theorem:

Theorem 3.1 Suppose that we want to test a null hypothesis Hy : Aoy = Ao against an alter-
native hypothesis H, : Ao > Aqo al a significance level s and let f§ = fir—1)B,(7-1)(K=1)B,1—s-

Under the H,, the power to detect Ao, = Aa1 > Aao 1S equation (8).

Proof The random variable (18) implies the test statistic F'(Ayo) = 11’_’}\0(‘3 ~ Fly_1)B,(J-1)(K-1)B
under Hy : Ay = Moo for Ago > 0 such that P [F(A\y0) > f5] = s. Then, under H, : A\, > Aao,
the power to detect A\, = Ao1 > Ago is P {% > f(ﬂ = P [F(/\al) > f(f}%:\\zé} where
F(Xa1) ~ Fu—ysou-nk-nys- |1

Just as in the case where B = 1, we see that the power depends positively on A,; but
negatively on f§ and A\, and the same observations about the power (8) above also applies

here. Moreover, the larger the JB ceteris paribus, the lower the f; and thus the higher the

power. Given A\, and f§, the power (8) may be reexpressed as an effective reliability size

M- = 1= fu_nsu-nE-vss x (1= 2A0)/f (19)

that achieves a desired power of (1 — ).

3.5 Estimating a Confidence Interval for Reliability

Our aim in this section is to express a confidence interval for A\, that will be achieved in

the study and to illustrate how the width changes across multiple study designs on average.

~

Theorem 3.2 Let (1 — \,) = 4228 A (1 —s) x 100% confidence interval for A, is

1—(1—-A) X (f(Jfl)B,(Jfl)(Kfl)B,175/2a f(Jfl)B,(Jfl)(Kfl)B,sﬂ) - (20)

15



This result follows from the proof for Theorem 2.2 where we replace f(j_1),/-1)(x-1),s/2 and

f-1),(7-1)(k=1),1-s/2 With fir_1B,(7-1)(k-1)B,s/2 a0d f7_1)B,(J-1)(k-1)B,1—s/2 Tespectively. The

confidence interval (20) depends positively on two quantities: equation (11) and

(f(Jfl)B,(Jfl)(Kfl)B,s/Q7 f(Jfl)B,(Jfl)(Kfl)B,lfs/Q) - (21)

Consequently, the larger the n or the K given variance estimates, the lower the unreliability
estimator (11), the narrower the width (20) and thus the less uncertainty will be involved in
the study. In addition, the larger the number of classrooms JB or raters K ceteris paribus
in the study, the narrower the interval (21) and thus, the narrower the confidence interval
(20). In the next section, we show how to simulate the confidence interval (20) based on the
model (14) and to compare the uncertainty across multiple study designs.

The expected value of the confidence interval (20) is a useful alternative in comparing
the amount of uncertainty involved across multiple study designs in a reasonable amount of
time. A (1 —s) x 100% expected confidence interval may be expressed as

J—1)B(1— A,
1 - ( ¥ —>1)<B — ) X (f(Jfl)B,(Jfl)(Kf1)B,1fs/2a f(Jfl)B,(Jfl)(Kfl)B,s/2) (22)

MSAB J-1)B(1-Xa MSAB
where E( MSA ) = (J—)l)(B—Q ! for MSA(I-xa) Fy-1&-1)B,(J-1)B-

3.6 Properties of Reliability Estimator (5)

From % ~ Fly_1)yk-1)B,(J—1)B, We have I

o) = 1= U300l ), as JB —

MSAB) ~ 2K(1-Xa
2 -

oA = 1))23 for JB large that can be made

co. In addition, var(\s) = var (
arbitrarily small as JB increases. Because E(Aq —Ao)? < E(A2) —2E(Ao)2+ A2 = var(A,) +

X2 — E(A\)?] — 0 as JB — oo, for € > 0, we have

P([Aa = ol =€) = P[(Aa—Aa)? =€

~

< E(Ay —M)?/e¢ —0as JB — o0
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by Markov’s inequality. Therefore, Ao is asymptotically unbiased and consistent with its
variance tending to zero as JB increases. The Theorems 3.1 and 3.2 depends on the exact

distribution (18) based on the model (14).

3.7 Illustrative Example

In this section, we consider variance component estimates (03, 03, 075,0%) = (0.11,0.29,0.11, 0.39)
from the variance component analysis of the CLASS used in the Multi-State Study of Pre-
Kindergarten (MSSPK) by the National Center for Early Development (Raudenbush et al.

2010) and show how to use the power (8) and the expected confidence interval (22) to be
informative about the design for a study.

Given the variance components, Figure 1 shows the impact of alternative study designs
on power (8) and reliability size (19) for testing Hy : Ay = 0.5 VS H, : A, > 0.5 at a

significance level s = 0.05. Graph (a) draws power (8) against the number of JB classrooms

(a)n=5,J=20 (5 n=10,J=20 () =15, J=20
e S e = mmmemmee . e
z”’-’ r/ - ’
- - £
o O o | 4 — ai15,2)=052
= K =S — 410,2)=08 s B P
K - I N [ (s, 8) =087
¢ --- W10, 4) =075 ;
o — {5, 21=0.54 ol | oo A1, 8) 086 @
5 o g --- A5, 4)=07 5 o : ’ 8 o
E: A I a5, 81=0.82 E: E:
L o= o
o o o
N o / -
o _______,_,_————'_'d_— =3 o
(=1 = =
o o o
T T T T T T T T T T T T T T T
a0 100 150 200 240 50 100 150 200 240 a0 100 180 200 240
JB JB JB

Figure 1: Each graph draws power (8) against JB for K = 2,4, 8 given J = 20, A\, = 0.5
and fJ%°. Across graphs, n increases from 5 to 10 to 15. The legend shows A(n, K).

ranging 20 to 240 classrooms given n = 5 items and J = 20 classrooms per block. The legend
displays A(n, K') and indicates that the solid, thick-dotted and thin-dotted lines are for the
frequency of rating each classroom by 2, 4, or 8 raters respectively. Graphs (b) and (c) are

drawn identically except for n = 10 and n = 15 items given respectively. Within the range of
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the study design, it is hard to obtain adequate power and reliability size given K = 2 raters.
As the number of K raters increases given other sample sizes, the power and the reliability
size increase markedly. The impact of increasing n from 5 to 10 items is noticeable on the
power as well as the reliability, but the impact grows weak when n changes from 10 to 15
items, ceteris paribus. Increasing the number of J B classrooms increases the power but does
not affect the reliability size given variances and other sample sizes. Graph (a) also reveals
that increasing the number of JB classrooms does not yield decent power and reliability size
with low sample sizes (n, K) = (5,2).

To illustrate the general utility of the expected confidence interval (22), Figure 2 draws
Aa(n, K) and the interval on the vertical axis that will be achieved against alternative study
designs (a) K given (n,J, B) = (15,20,3); (b) n given (K, J,B) = (2,20,3); (c¢) J given
(n,K,B) = (15,2,3); and (d) B given (n,K,J) = (15,2,20) on the horizontal axis. A

(a) (n, J, B)=(15,20,3) (b) (K, J, B)=(2,20,3) (c) (n, K, B)=(15,2,3) (d) (n, K, J)=(15,2,20)
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Figure 2: Graphs (a) to (d) draw the reliability and the expected 95% confidence interval
(22) that will be achieved against study designs (a) K given (n,J, B) = (15,20,3); (b) n
given (K, J,B) = (2,20,3); (c) J given (n, K, B) = (15,2,3); and (d) B given (n, K, J) =
(15,2,20) on the horizontal axis.

reliability value is plotted as a dot. As the number of raters K increases, the reliability (2)
rises and the expected confidence interval (22) shrinks markedly in the graph (a). The strong

impact of increased K on the reliability and the expected width is most pronounced in the

low range of K < 5. As the number of items n increases in the graph (b), the reliability
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rises and the expected confidence width narrows at low values of n, but the impact becomes
very weak from n = 10. The reliability, not a function of J and B given variances, stays
constant in the graphs (c¢) and (d). As J or B grows in the graphs, the expected confidence
intervals shrink quickly at low values, but slowly at high values of J or B. Therefore, the
increased number of raters exhibits the most pronounced impact in increasing the reliability
and narrowing the confidence interval (20) on average. Overall, the impact of sample sizes
has a diminishing return in reducing the expected uncertainty in the study. This implies
that it is important to have all sample sizes above the respective low ranges to capitalize on
the strong impact.

Thus far, we have derived a confidence interval for reliability, a test for the hypothesis
that the reliability meets a minimum bound, and the power of this test against alternative
hypotheses that can apply to either G or D study. In the next section, we illustrate how to

use a G study to compare the alternative designs for a D study.

4 Using a G study to Compare Alternative Designs for

a D Study

We now show how to use the results from a G study to inform the design of a D study. The
unknown true variance components are assumed to stay constant over time. If the G-study
sample sizes were infinite, one would know the variance components. One could then simply
substitute these known values into equation (2) to compute reliability for given sample sizes
(np, Kp), to be used in the D study. One would then select the sample sizes for the D study
that achieved acceptable reliability at minimum cost. In reality, of course, the G study will
have a finite sample, so that the variance components will be estimated with error. The
point estimates and their uncertainty estimates depend on the sample sizes of the G study.
Consequently, the estimates as well as the G study design are informative about the design

of a D study. In this section, we consider, as the G-study variance component estimates,
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6 = (62 6%,623762) = (0.11,0.29,0.11,0.39) from the MSSPK, and show how to use the G

o

study to inform the design of a D study. We consider Hy : A\, = 0.5 against H, : A\, > 0.5 at

a significance level s throughout this section.

4.1 Determining Sample Sizes in the D Study

The variance estimates produce a reliability estimate \, = Xa(n p, Kp) = )\a(é, np, Kp) =

0.11

0TTT011/Kp 1039/ (np Kp) for a D-study design as an ordered pair (np, Kp). The test rejects

Hyif P[F > (1—0.5)/(1—X,)] < s for F ~ Flig—1)Be,(Ja—1)(Ka-1)Be given a G-study design

(ng, Kg, JeBg). Then, letting Ay = A, under H, : Ay, = A\y1 > 0.5 produces the power of

the test P [F > 5’11:)(‘)?;} for f§ = fe-1)Ba,(Ja—1)(Kg—1)Ba,1—s that will be achieved in the D

study. A (1 —s) x 100% confidence interval for A, that is anticipated in the D study is

1= (1= Aa) % (fu-1)Be(e-1)(Ka-1)Ba1-s/2 Fuo—1)Be.(Je-1)(Ke-1)Bas/2) - (23)

Note that neither the confidence interval nor the power depends on ng given the variance
estimates from the G study. The MSSPK is a study of JoBg = 240 classrooms from preschool
to third grade, 40 classrooms in each of 6 states (B = 6). Out of a total of 26 raters available
from August 2001 to June 2002 (Raudenbush et al. 2010), we approximate Kg ~ 4 raters
per block. The study planner may now select, among feasible D-study designs {(np, Kp)}
given the G-study results, the design (n},, K7j,) that produces the desired reliability, power
and uncertainty represented as the width of the confidence interval (23) at minimal cost.
In the next two sections, we assume that 6 was obtained under hypothetical G-study
designs {(ng, K¢, JoBg)}, and illustrate, given the 6, the impacts of the G-study designs
and feasible D-study designs (the sample sizes) on reliability, power and confidence interval

that will be obtained in a D study.
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4.2 Estimating Statistical Power in the D Study

To illustrate the impacts of D-study sample sizes (np, Kp) and G-study sample sizes
(ng, Kg, JoBg) on reliability and power that will be obtained in the D study, we con-
sider a small set of values of Kp € {1,2,3,4,8} for the D study. This simplification im-
plies that, for any particular choice np, we consider 5 possible D-study designs, that is
(np, 1), (np,2),(np,3),(np,4) and (np,8). Finally, we will consider a set of hypotheti-
cal G-study designs {(ng, Kq, JoBg)} with Ko € {2,4,8}. Therefore, for every choice of
(ng, JaBg), we have 3 possible G-study designs, that is (ng, 2, JoBg), (na¢, 4, JoBg) and
(ng, 8, JaBg).

Figure 3 compares the impacts of D-study designs {(np, Kp)} and G-study designs
{(n¢, K¢, JoBg)} on reliability and power given Jg = 20. The number of items np in-
creases from 5 to 10 to 15 across the three rows given Kp while the number of raters Kp
changes from 2 to 3 to 4 to 8 across the four columns given np. The graphs for Kp = 1
do not appear in the Figure because one rater produces the reliability sizes Ao1(np, 1) equal
to 0.37, 0.42 and 0.45 for np =5, 10 and 15 respectively, below the acceptable minimum
reliability Ao,g = 0.5. Therefore, Kp = 1 is not useful within the range of the G-study
designs {(ng, K¢, JoBg)}. In each graph, power on the vertical axis is drawn against the
total number of classrooms JgBg ranging 20 to 240 on the horizontal axis. The legend in
graph (a) applies to all graphs and indicates that the solid, thick-dotted and thin-dotted
lines draw power against J;Bg for K¢ = 2,4 and 8 given Js = 20 respectively. The D-study
design (np, Kp) and the A\, (np, Kp) are displayed on top of each graph. As Kp increases
across columns given np, both \,; and power increase dramatically. As the number of np
items increases across rows given Kp, both \,; and power also increase. The reliability and
the power increase appreciably from np = 5 to 10, but relatively weakly from np = 10
to 15, given Kp. Within each graph, power increases as the sample sizes JoBg and Kg
increase in the G study. Therefore, a D-study design (np, Kp) as well as a G-study design

(ng, Kg, JoBg) are positively associated with the power.
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Figure 3: Each graph draws power (8) against Jg B for Kg = 2,4, 8 given Jg = 20, A\yo = 0.5
and [0 = fa—1)Ba,(Ja—1)(Kg—1)Ba,0.95- Across rows, np increases from 5 to 10 to 15 while
across columns, Kp changes from 2 to 3 to 4 to 8. The legend in graph (a) applies to all
graphs.

4.3 Estimating Uncertainty in the D study

This section illustrates the impacts of D-study and G-study sample sizes on the confidence
interval for reliability that will be obtained in the D study. To show the impacts, we may
simulate a G study based on the model (14) given, say, u = 1, 03 = 0.2 and 6 equal
to the G-study variance component estimates used above. As an illustrative example, we
simulate a G-study design (ng, K¢, JoBg) = (5,4,10 x 6) one thousand times to produce
1000 confidence intervals (23) for each of the feasible D-study designs {(np, Kp)} considered

in Figure 3. Then, the 1000 widths may be drawn in a boxplot to represent the uncertainty
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that will be anticipated for a D study under the feasible D-study design (np, Kp). The
narrower the widths overall, the lower the boxplot, and therefore the less uncertainty will be

in the D study.
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Figure 4: Graphs (a), (b), (c¢) and (d) are drawn given Kp =2,3,4 and 8 respectively. Each
graph draws three boxplots for np =5,10 and 15 respectively given Kp. Each boxplot
draws the widths of the 1000 confidence intervals (23) for A, given a specific D-study design
(np, Kp). The horizontal axis labels the D-study sample size np.

Figure 4 displays the boxplots. The vertical axis for each boxplot represents the widths
of the 1000 confidence intervals given a specific D-study design (np, Kp). Each of the four
graphs (a) to (d) draws three boxplots for np =5,10 and 15 respectively given Kp. Graphs
(a), (b), (c) and (d) are given Kp=2,3,4 and 8 respectively and, otherwise, drawn in the
same way. Across graphs (a) to (d), we see the dramatic reduction in uncertainty that is
anticipated in the D study as the number of Kp raters increases given np. Within each
graph, we see the (relatively weak) decrease in the uncertainty as the number of np items
increases given Kp.

Although the boxplots in Figure 4 are revealing, they are all drawn given a single G-study
design (ng, Kg, JoBg) = (5,4,10 x 6). Unlike the plots in Figure 3 on power, they do not
show us the impacts of multiple G-study and D-study designs on the uncertainty anticipated

in the D study. Moreover, it took six hours to simulate the G-study design to produce Figure
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4 by a fully automated procedure in the statistical software package R on a laptop computer
with a 2.53 GHz processor and 3 GB memory. Although it takes only minutes to produce
the results with smaller designs, it takes much longer to produce the results with a larger
design. Therefore, it is desirable to use an alternative method that compares the impacts
of multiple G-study and D-study designs on the uncertainty within a reasonable amount of
time without regard to the sample sizes. The expected confidence interval (22) for reliability
provides one such method.

Under H, : A\, = Aq1 > 0.5, the expected confidence interval that will be obtained in the
D study may be expressed as

(Jo — 1)Ba(1l = An1)
- (Jo —1)Bg — 2 X (f(JG—1)BG7(JG—1)(KG—1)BG,1—S/2a f(JG—1)BG,(JG—1)(KG—1)BC,~,5/2> (24)

Figure 5 illustrates the impacts of D-study sample sizes and G-study sample sizes on reli-
ability and the expected confidence interval (24). It has the main heading on top of each
graph, G- and D-study sample sizes, horizontal axis labels and the legend that are identi-
cal to and set up identically to those of Figure 3. It only replaces each graph of power in
Figure 3 with one of the expected confidence intervals (24) represented on the vertical axis.
Each graph has solid, thick-dotted and thin-dotted confidence intervals for K = 2,4 and 8
respectively given the same JgBg, which had to be jittered not to overlap. In each graph,
the expected confidence interval and the reliability size A,; (the dots) on the vertical axis
are drawn against the total number of classrooms JgBg ranging 20 to 240 given Jg = 20
on the horizontal axis. The D-study design (np, Kp) and the A\, (np, Kp) are displayed
on top of each graph in an identical way to the corresponding graph of Figure 3. As Kp
increases across columns given np, the \,; increases and the expected uncertainty decreases
dramatically. As the number of np items increases across rows given Kp, A\, increases
and the expected interval shrinks, but relatively weakly. Within each graph, the expected

interval reduces as the sample sizes JoBg and K increase in the G study. Therefore, both
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Figure 5: Each graph draws expected confidence intervals (24) and reliability sizes as dots
on the vertical axis. Otherwise, G-study and D-study sample sizes, the legend, horizontal
axis labels and the heading on top of each graph are identical to those of Figure 3.

D-study design (np, Kp) and G-study design (ng, Kq, JoBg) are positively associated with

the expected uncertainly (24).

5 Discussion

In this paper, we expressed the reliability for the measure of teaching quality of a classroom
as the correlation between the observed effects of the classroom over a pair of randomly

parallel realizations of the measurement procedure. We derived a confidence interval for the
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reliability, a test for the hypothesis that the reliability meets a minimum standard, and the
power of the test against alternative hypotheses for the design of a study. Then, we showed
how to inform the design of a D study based on the inferences drawn with uncertainty from
a G study. Illustrative examples showed how to compare alternative D-study designs in
terms of their reliability sizes, uncertainty and powers that will be achieved in the D study
given the variance components estimated with error in the G study. Because the variance
component estimates and their uncertainty estimates in the G study depend on the sample
sizes of the G study, the estimates as well as the G study design are informative about the
design of a D study.

HNlustrative examples revealed diminishing return of increasing sample sizes in improving
reliability size and power and reducing the uncertainty of a reliability estimate. Therefore, it
seems wise to capitalize on the strong impact of low-range sample sizes in designing a study.

The lower bound of the confidence interval (23) for A\, may be negative in particular
when the frequency of rating each classroom in the G or D study is small. In Figure 4
where the frequency K = 4 is modest, the simulation generates 2.3% of the lower bounds
negative for (np, Kp) = (5,2), and 0.1 to 0.4% of lower bounds negative for others except
for (np, Kp) = (15,4) and Kp = 8 where all lower bounds are positive. The likelihood of
Ao is defined between 0 and 1. The negative lower bound was set to zero to produce Figure
4. Designs with the smaller frequency of rating each classroom produce more negative lower
bounds. To reduce the lower bounds going out of the proper range, the confidence interval
may be based on a 95% highest density interval. In our simulation involving multiple study
designs with 2 raters where more than 20 % of the generated lower bounds may be negative
in some severe cases, the highest-density 95% confidence interval for reliability reduced the
negative lower bounds by approximately 30%.

The developed methods and their illustrations in this paper are based on a model that
may be too simple for some cases. First, they do not involve logistics and cost in sample size

determination. For example, high cost may limit the number of raters available for a study.
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Next, a more elaborate model may have interaction effects involving items; rating scores
depending on measurement time of the day; and raters rating a classroom inconsistently
across measurement times of the day. Consequently, a study may be longitudinal involving
multiple occasions nested within each classroom which adds an additional facet to the model
(14). Moreover, the outcome variable may be nonnormal. Furthermore, selection of an
optimal design for a field study may involve an unbalanced design due to, for example,
attrition and non-responses in the model (14) where njy, items are rated in J,, classrooms by
K, raters within block b for b =1, - - -, B. Therefore, useful future extensions of the methods
presented in this paper may involve cost, logistics and a series of more elaborate models.
We analyzed data from Classroom Assessment Scoring System (CLASS) that uses a 7
point scale for each item where the median responses tend to be around 3 or 4 with quite
symmetric distributions (La Paro et al. 2004). With nonnormal sample data, the robustness
of Theorems 3.1 and 3.2 against the departures from the assumed normality of the model
(14) should be examined. Note that reliability (2) is not associated with variances in the
rated scores due to rater or block differences and that the derivation of the distribution (18)
in the Appendix does not depend on rater and block effects. Consequently, the Theorems
are quite robust against the departures from the assumed normality of the rater or block
effects. However, the violation of the model assumptions may come from other effects which
could be checked by, for example, plotting the estimates such as the classroom effect esti-
mates Y,j,b — Y. Then, such a departure from the model assumptions may be simulated,
and the robustness of the Theorems against such a violation may be assessed. Therefore,
developing sensitivity analysis for violations of our model assumptions, including normality

assumptions, is a valuable topic for future research.

Appendix: Derivation of Equation (18)
Let 7. = Sy w/B, ay = Y a/J, a. = YSyas/B, By = YuBw/K, B. = 34 084/B,

(@), = Zn(aB)jm/ K, (@) yp, = Xj(aB)jwe/ ], (af) , = Zi(af) w/ K, (af) = ¥p(af).s/B,
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Ejkb = i €ijkb/ T €k = 225 Egkn/ S, € = 2 €jun/ K, €p = €50/ and € =37, € 4/B.

Reasonable estimators for vy, ajp, Brp, (af)jm and €5, may be expressed as

~

B = (w+aps+PBo+(af) y+Eb)— (7 +a.+6.+ (b)) +e.) (25)

ajp = (ajp+ (aB);, +€p) — (ap+ (af) , +€.p)

B = (B + (af) 4+ €xp) — (B + (aB) , +E.)
€ijkb = Eijkb — €.jkb

(aB)jus + g = (aB) 5+ {[(0B); + E50) — [(@B) , + €8]} + [(05) 4 + E.a]

where VnJK (v, + a, + By + (afB) , +€.5) ~ N(0, nJKo? +nKo) + nJoj + nols + 0?)
independent across blocks b, vVnK (ajp+af;,+€;5) ~ N(0,nKo? +no?;5+ 0?) independent
across classrooms j and blocks b, vVnJ (B + () 1 +€ k) ~ N(O, nJoj+no?z+0?) indepen-
dent across raters k and blocks b, \/n[(a8) b + €] ~ N(0,n0%5 4+ 0°) independent, across
classrooms j, raters k and blocks b, \/n_K[mj.b—i-éj.b] ~ N(0,n0?25+40?) across j and b, and
VnJ[(aB) 4+ ~ N(O, noz+0°) across k and b. When squared and summed over nJK B

units, the last equation has 32, 32 325 n{(8) ks +€ jro—[(B) 4+ 4]} ~ (no25+07)XT 1k _1y5

on the left hand side, and 37, >, 3~ n(@)jkb + 20 2 i {[(aB), + €] — [(@B) 4+ €0+

>y e nJ{[(@B) j +€ re] —[(aB)_,+€ 5] }? on the right hand side where 32, 3 nK{[(a3),,+

i) —(aB) F+E b} ~ (naiﬁ"‘UQ)X%Jq)B and 3, 3oy nJ{[(f) 4 +E k] = [(B) ,4E b]} ~

(n0§ﬁ+a2) X%K—l) p- The three terms on the right hand side are independent and must add to

Y — 2
have (no}5+0%)x{x_1)p, Which implies that 32, 35, 355 n(a3) ., ~ (10255 +0*)X{ 1)k 1)5-

As Ay, &, Brb, (aﬁ)jkb and €, are independent, so are

SSG 9
XB—1> (26)
nJKo?+nKo? +nJoj+nols + o?
SSA ,
nKo2 + nazﬁ + 02 X-pB:
SSB )
~  X(K-1)B»

2 2
nJog +noss + o?
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SSAB

—~

W ~ X(J-1)(K-1)B>
SSE 9
o2 ~ X(mn-1)JKB:
Consequently, we have
MSA/(nKoi—i—naiﬁ—}—a?):l—)\a ~ Fm . (27)
MSAB/(no2; + o?) - VDB
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